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Chapter 1

Introduction

Topological insulators (TT)!'2 are a type of materials which show a gapped
bulk spectrum but gapless surface states. The topological nature of the
surface states protects them against perturbations and back-scattering.?
In addition, the surface of a d-dimensional TI is such that the effective
Hamiltonian of its surface cannot be represented by the Hamiltonian of a
d-1 dimensional material, so the behavior of a d-1 surface of a topological
insulator can show completely different behavior from that of a conven-
tional (d-1)-dimensional material. Surface states'® can be understood in
terms of solitonic states which interpolate between two topologically differ-
ent vacuums, the topological vacuum of the TT and the trivial vacuum of a
conventional insulator or empty space.

The ground state of a system can be classified by a certain topological
number!! 12 depending on its dimensionality and symmetries present which
define its topological classification.? 13 T'wo-dimensional single-particle Hamil-
tonians with time reversal (TR) invariance are classified in a Zs topologi-
cal class.'?> Two-dimensional TR systems with nontrivial topological in-
dex (v = 1) show the so-called quantum spin Hall effect (QSHE) which is
characterized by a non-vanishing spin Chern number!* and a helical edge
current.'® This state has been theoretically predicted and experimentally
confirmed in HgTe quantum wells,'6:23:24 a5 well as predicted in several ma-
terials as two-dimensional Si and Ge? and transition metal oxide (TMO)
heterostructures,.?S These latter systems have in common that they present
a honeycomb lattice structure with two atoms (A,B) as atomic basis. In that
situation, it is tempting to think that the effective Hamiltonian in certain
k-points could be associated to a Dirac equation. The components of the
spinor would be some combination of localized orbitals in the A or B atoms,
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6 CHAPTER 1. INTRODUCTION

whereas the coupling would take place via non-diagonal elements due to the
bipartite geometry of the lattice. The simplest and best known example
is graphene, where the low energy Hamiltonian is represented by a Dirac
equation in two nonequivalent points K and K’. At half filling, graphene
with TR and inversion symmetry (IS) has v = 1,2” so a term which does
not break those symmetries and opens a gap in the whole Brillouin zone
would give rise to the QSHE state. The way in which an IS term can arise
in a graphene Hamiltonian is due to spin-orbit coupling (SOC), however it is
known that the gap opened this way is too small.3 In contrast, a sublattice
asymmetry, which breaks IS, will open a trivial gap, as in BN.3%:35

The present work is based on the topological phases found in bilayer
perovskites found by Xiao et. al. We will focus on the ab initio study of
the behavior of two particular systems as a function of uniaxial strain and
increasing on-site Coulomb interaction. To understand the result of the
DFT calculations, we will also use a tight binding model to reproduce the
result and identify the relevant parameters which govern the behavior of the
systems.

The work is organized as follows. Firstly we will give a brief review of
the relation between topological invariants and the existence of edge states
giving special importance to certain toy models which allow to see that re-
lation clearly. Also we will remember the simplest single particle models in
a honeycomb lattice, which will give an intuition to understand the more
complex bilayer perovskite. Secondly we will enter in the study of our par-
ticular case, both with the tight binding and DFT calculations (the main
findings of this work can be found in J. L. Lado et. al., arXiv:1306.2238).

Finally, we will summarize the main conclusions.



Chapter 2

Topological invariants and
edge states

Protected edge states in certain Hamiltonians can be related to non trivial
topological invariants.'? Broadly speaking, topology studies the relationship
between mathematical objects (i.e. differential manifolds) that cannot be
smoothly deformed from one to another. In this fashion, a possible question
is whether a certain ground state of a Hamiltonian can be deformed into
another smoothly. With smoothly we refer to find a certain path that main-
tains a gap opened in the system and preserving maybe a certain symmetry
along the whole path.

If some system is found to sustain protected edge states, the naive argu-
ment to justify their existence is to think that locally the effective Hamil-
tonian is the same as in an infinite system. As an interface to a different
medium is approached, the effective Hamiltonian will evolve, and if the sys-
tems are such that one fundamental state cannot be smoothly deformed
into the other without closing the gap, in some point of the real space, the
effective Hamiltonian will have a gapless ground state. So, topologically dif-
ferent vacuums would sustain irremovable edge states whose existence can
be justified just for continuity reasons.

The first question that has to be answered is what are the simplest in-
variants that can be defined in a one particle Hamiltonian. The symmetries
present in the system will determine which is the correct invariant that
has to be considered to classify the ground states. We will focus in the Zak
phase!® (suitable for one dimensional systems), the Chern number?’ (for two
dimensional systems, has a direct interpretation as the quantum Hall con-
ductance!”) and the Z invariant!? (which is defined only for Hamiltonians

7



8 CHAPTER 2. TOPOLOGICAL INVARIANTS AND EDGE STATES

with time reversal symmetry).

Secondly, we will study certain simple toy models to understand the
relation between those topological invariants and the gapless edge states.
Finally, a short review of the simplest phases in graphene will be given. This
last part will be taken as the toy model to understand the more complex
behavior of the bilayer perovskite.

2.1 Topological invariants in fermionic 2d-systems

In this section we will introduce the concept of Berry phase and Berry cur-
vature?® which will be useful to characterize the topological structure of the
band structure of a certain system. For systems without time reversal sym-
metry, the number of magnetic monopoles enclosed in the Brillouin zone will
be the topological invariant. For time reversal systems, the previous num-
ber is identically zero, however the existence of Kramer’s degeneracy will
force the existence of two states at certain points of the Brillouin zone and
this irremovable degeneracy will suggest the definition of the Pfaffian ma-
trix whose sign in all this special points will be a topological invariant. So,
systems without time reversal are classified in a Z topological class whereas
time reversed systems in a Z5 class.

2.1.1 Berry phase and Berry curvature: the Chern number

Consider the reciprocal space where the Bloch states are defined. In each

-

point of the Brillouin zone, it is defined a k-parametric Hamiltonian H(k),
as well as its cigenvalues E,(k) and eigenfunctions W(k). Focusing on a
particular band of a Hamiltonian without degeneracies, the wavefunctions
in each k-point have a phase degree of freedom in each point (local U(1)
symmetry). Given that H (E) is a smooth operator in the variable k, it is
possible to choose a certain phase for the wavefunctions in a local environ-
ment in such a way \I/(/z) is an smooth vector in k. In the same fashion as
in the minimal coupling of the electromagnetic field, one can define a vector

potential as

A = i(U(k)o| T (k)) (2.1)

which is called the Berry connection or Berry vector potential. This vector
defined in the Brillouin zone is not gauge independent. This means that
gauge transformation of the form
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Parallel transport of a vector
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Figure 2.1: Comparison of different geometric structures that appear in
physics. The first corresponds to the usual geometric curvature considered
in general relativity, the second to the gauge interpretation of the elec-
tromagnetic field and the third to the geometry induced by a parametric
Hamiltonian (which is the generalized version of the second one).

Qu =0,A, — 0, A, (2.2)
v = g, (2.3)

induces a change in the Berry connection of the form
A'=A—-Va (2.4)

In spite of this ambiguity in the Berry connection (as in the usual vector
potential), the integration over a closed path is a well defined quantity given
that the gauge change has to be defined in a selfconsistent way

V:Y{E’-dE:fl-dlZJra(Eo)—a(lZO) :?{E-dﬁ (2.5)

It is straightforward to define the curvature associated to the Berry con-
nection, the so called Berry curvature.
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Compact surface without boundary

Figure 2.2: The two surfaces defined by a closed path in a closed manifold.
Due to the closeness of the surface, a closed path defines two surfaces which
are complementary, so in order to have a well defined adiabatic transport,
the integration considered in the Stokes theorem has to be independent of
the surface, which directly implies an integer Chern number.

This quantity is gauge independent (as F),,). In three dimensions, the
two index tensor can be recasted in the usual pseudovectorial form of

Q=VxA (2.6)

The previous procedure can be carried out for every parametric Hamil-
tonian, so the Berry curvature can be defined in cases different from Bloch
Hamiltonians.

Now we will move to the simple case of two dimensional systems. The
important point is that in the periodic reciprocal space, the integral of the
Berry curvature in the Brillouin zone (BZ) is a quantized quantity. The
proof is straightforward, a closed path divides the BZ in two parts, so the
transformation that suffers the wavefunction by parallel transport can be
calculated by the Stokes formula in any one as
ot s (-dS

ifg, GdS

v U= U=e 7 (2.7)

the well-definition of the final wavefunction requires
/ Q-dS =2mn (2.8)
St

This result is a particular case of the well known Gauss-Bonnet theorem.
The integer n of the above equation is the so called Chern number. The
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geometric interpretation of the Berry curvature is clear, the spectrum of
the Hamiltonian induces a geometry in the parametric space. Although
perturbations of the Hamiltonian will vary the eigenfunctions, so also the
local curvature, the Chern number will remain constant unless a transition
point is reached, where its value will change by an integer. For this reason,
the Chern number is a topological invariant, i.e. a quantity that remains
constant even in the presence of perturbations.

The Chern number is the so called Euler characteristic in geometry,
which for two dimensional surfaces is related to their genus (their number
of holes) by the formula

X=2-2g (2.9)

The physically interesting question at this point is whether certain non
trivial topological structure has interesting consequences. One very clear
example is the quantum Hall effect, where the Hall conductance is directly
the Chern invariant.!® This is the reason of the perfect quantization of the
Hall conductance, it has a topological nature so can only take certain values
which are related with the topology of the Hamiltonian.

2.1.2 The Z, topological invariant

Now we will focus on systems with time reversal symmetry. Even before
any calculation, it is easily predictable that the Chern number has to be
identically zero for these systems due to its interpretation as the quantum
Hall conductance, given that o, is odd under time reversal. So, for systems
with TR symmetry, it is necessary to define another different topological
index, and as it will be seen below, TR systems will be classified in a Z»
topological class.'? There are several approaches to define the Z, topological
invariant, here we will give a first derivation in term of the Berry curvature
and secondly the method of calculation for systems which have also inversion
symmetry.27
For s=1/2 particles, the time reversal operator has the form

0 = "v/2K (2.10)

where K is the conjugation operator. A Hamiltonian with time reversal
symmetry will follow ©7'HO = H. Also, due to having ©> = —1, each
eigenvalue shows a twofold degeneracy. This is the known as Kramer’s
degeneracy and the proof is straightforward. Suppose an eigenstate of H
which does not have a degenerate partner |¥) so ©|¥) = A\|¥). But ©% = —T
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implies A> = —1 which is impossible by hermiticity, so ©|¥) cannot be
proportional to |¥) and each eigenvalue has to be twofold degenerate.

In the case of the Bloch Hamiltonian Hj the time reversal operator acts
as

OH,0 = H_}, (2.11)

and in the wavefunctions as
O[T, ) = XMW, ) (2.12)

where a,b labels the two Kramer’s bands. In certain k-points, the Bloch
Hamiltonian presents time reversal invariance. These points verify

k=-k modd (2.13)

so k = G/2. These are the so called time reversal invariant momenta (TRIM)
and verify that Kramer’s bands cross in those points and this cross is pro-
tected by time reversal invariance. In the other k-points, the Kramer’s
partner of each eigenvalue is located at —k.

The Berry curvature is odd under time reversal

Qu (k) = = (—F) (2.14)

thus once the Chern number is calculated by its integration, the final result
is identically zero. This is because each flux at k is compensated by a
flux of exactly one flux of opposite sign at —k. A possible approach to
obtain a nonzero result would be to restrict the integration to half of the
Brillouin zone to avoid the cancellation. However, in order to have an integer
result the parametric space has to be closed so the half zone has to be
compacted in some way. Depending on the compactification employed, the
Chern number will vary. This is because, given a certain closure, an addition
of a sphere will give also a valid closure. The sphere a Chern number equal
to 2, so the reduced Chern number is undefined by 2 times the number
of additional spheres added, however no matter what compactification is
done, the oddness/evenness is well defined. This suggests that time reversal
invariance can be classified according to the oddness or evenness of the
reduced Chern number which gives a Zs topological classification.

Another way to define a topological invariant associated to time reversal
systems would be to define something related to the expectation value of
the time reversal operator of the form
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Wrnn (k) = (Wi, —1|O[ ¥, 1) (2.15)
For the TRIM (which we will denote as I';), the previous matrix is anti-
symmetric so its Pfaffian can be defined

P(I;) = Pflw(I)] (2.16)

lets remember that the Pfaffian is defined for skew matrices as det(A) =
[PfA]?

For each I'; a certain number whose value is 1 can be defined as the
sign of the Pfaffian

_ det[(w) ()]
=y (2.17)

Each §; is gauge dependent, however, the product of all the §; is gauge
independent and so an invariant of the band structure. So, a topological
index v can be defined as

(-1) = Ha (2.18)

so again we obtain that the band structure can be classified in a Zs topo-
logical class.

For a system which has also inversion symmetry,?” a matrix analog to
Wyn can be defined

Vo (B) = (W 1o PO T, 1) (2.19)

Defining the expectation value of the parity on the TRIM as ,,,(I';) = +1

Wmn = EmUmn (2-20)

and taking into account that having a vanishing Berry curvature one can
choose a global gauge where

Pfv(k)] =1 (2.21)
in the whole Brillouin zone so

2N
Pf [w]® = det(w) = det(v) [ ] & (2.22)

n=1
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so applying square root

N
Pflw] = Pfv] [ an (2.23)
n=1

Thus, the coefficients §; can be calculated by the parities at the TRIM
by

N
6 = [ &n(T) (2.24)
n=1

In contrast with the general form based on the Pfaffian where a global
well defined gauge is needed, with the existence of inversion symmetry the
calculation is simplified to calculate the parities of the wavefunctions in the
TRIM. This procedure will be the employed in the tight binding calculations
and in the DFT calculations to determine the topological ground state of
the systems.

2.2 Edge states and the Dirac equation

In this section we will apply the previous concepts to simple toy models
to elucidate the strong relation between topologically different vacuums and
existence of protected edge states. First we will analyze the two dimensional
Dirac equation to begin later to analyze the simplest different models which
show protected edge states.

2.2.1 The Dirac equation

A bidimensional representation of the Dirac equation can be easily fulfilled
making use of the Pauli matrices

m Dz + 1Dy m pei‘lS
H= + + = . = ) 2.2
PGz T PyTy T 1M02 < x — 1Py -m ) <pe_“7j -m (2:25)

The eigenvalues of the above equation are £ = 4v/m?2 + p?, so for the
case m = 0 the dispersion relation is linear in p. Applying the concepts of
the previous section, one can compute the Berry curvature of the present
Hamiltonian. Proceeding first with the case m = 0, the eigenfunctions take
the form
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Cyclic evolution Two anihilating processes
”4_‘-\ ,"“_h\
s .= - 3 .-

) | SRR , iy -7
, TN A
1
! Dirac point ! . Dirac point 1|

L
p e X e +p -p 1{ X [9 +p
\ ! ] ;
N Pt | \ A
\ . A ) ~._ !
S 1—‘2,’ - - \“‘», r_%,
- -
) __
I- + I JrL - jf‘; 2
. =
4T ST
_ h fo, + Jp, =0

Figure 2.3: Relation between the m Berry phase and the absence of back-
scattering in a Dirac equation. the nontrivial phase that the wavefunction
gains depending on the path considered makes that each path has an anti-
path with opposite amplitude. Since the paths annihilates two by two, the
final amplitude for a process of back-scattering is zero.

Uy = \2 <e—1i¢>> (2.26)

so the Berry connection and Berry curvature will be

1
Ag=5 Q=0 Y p#0 (2.27)

In spite of have a vanishing Berry curvature in (almost) all the reciprocal
space, the Berry phase of a closed loop than encloses the origin is

fA¢d¢ = (2.28)

so the nonvannishing contribution of the Berry curvature comes from a
Dirac delta at the origin. The reason of having such a divergence is due to
having a touching point between the positive and negative bands.

One important consequence of the m Berry phase is the absence of back-
scattering. The reason of such phenomenon is that for each path in a path
integral formalism, there is a path that contributes exactly with the opposite
amplitude, so when every path is taking into account the probability of
suffering a back-scattering event is 0.

To calculate the Berry curvature for m # 0 it is useful to use another
representation of the Berry curvature, changing the differentiation over the
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wavefunctions to differentiation over the Hamiltonian. Transforming the
terms of the form

(Ol Oun) =D (Bun|n)(n'|0m) (2.29)
with the relation
(n|0,H|n')

the Berry curvature takes the form

O£ PRI () g

n/

Note that the previous form is the integrand of the Kubo formula that
arises from second order perturbation theory for the Hall current, so the
relation of 0., with the invariant Chern number is clear.

Taking the eigenfunction of the massive Dirac Hamiltonian for m > 0

[+) =N (ael—i¢> ) =N <_‘§ei¢> (2.32)

1 /2 7 _ 1_ g2
Nee— gyprtm-—m a m (2.33)

a2+1 p 1+a2_,/m2+p2
and the derivatives of the Hamiltonian
_ 0 ipe'® _ 0 €

the Berry curvature of the lowest band takes the form

gomso_p-a)(ta®)  pl-a®) _ mp
ép 2N4(p2 + m?2) 202 +m2)(1+a2)  2(p®+m?2)3/2
(2.35)
For m < 0 the calculation is analogous, the only difference is that one
has to define the eigenfunctions interchanging the value of the spinors to
avoid the singularity of a at p = 0. More strictly, it can be checked that the

operator ¥ = o, K fulfills

YH, > =H_,, (2.36)
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and since ) is odd under conjugation it follows

0 _ m<0
Q>0 = —qm (2.37)

Note that although for m = 0 the curvature vanishes in the whole space
for the previous relation, the point p = 0 holds a singularity due to the
degeneracy of the eigenvalues in that point.

The Chern number can be calculated integrating the Berry curvature in
the whole space. Taking the result of Eq. 2.35 the Chern number reads

1 mp 1
m>0 __ — _
C =9 | 2 mryn dpde 5 (2.38)

so in general the Chern number of the massive Dirac equation is

_m
 2m|

(2.39)

It is worth to note that due to do not having a closed parametric space,
the Chern number is not an integer. For this fact, when a band structure
shows an isolated Dirac point, there has to be another point (or at least
a zone with non-vanishing Berry curvature) in other region of the space to
compensate the fractional Chern number and obtain an overall integer since
the BZ is a closed manifold.

2.2.2 The Jackiw-Rebbi solution

One of the simplest cases of edge states between two different nonequivalent
vacuums is the so called Jackiw-Rebbi soliton.?® The Hamiltonian consid-
ered is a one dimensional Dirac equation with a position dependent mass

which takes a value m = +mg in £ = +o0o and m = —mg in z = —oc.
H = pgo, +m(z)o, = m@) P (2.40)

While both asymptotic systems have a mass gap, it will always exist an
FE = 0 bound state in the interface.

H¥)=0 = (—m(x)ioy+pz)|¥)=0 (2.41)

olo) =19) = U(x)=ge JomW (2.42)
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Mass profile Bound state

m(x) |‘I’|2
< :x
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Figure 2.4: Mass profile and solitonic solution of a one dimensional Jackiw-
Rebbi model. The gapless kink state is bound to the interface and decays
exponentially in the bulk. Also, the existence of the state does not depend
on the details of the mass profile in the transition.

X

From the previous formula it can be checked that the existence of this
bound state is due to the change of sign of the mass. As long as the asymp-
totic masses have a different sign, there will always be a bound state to
the interface, so its existence depends on the boundary condition more than
on the exact form of the Hamiltonian. One form to understand the pre-
vious fact, is to associate an invariant to the Dirac equation of the form
m/|m|. In this fashion, one can argue that in the boundary of two systems
whose Hamiltonian are Dirac equations with different invariants, will have
a boundary gapless state. In this sense, the bound state is protected by the
topology of the problem and cannot be removed.

The two dimensional analog can be easily constructed. Suppose two
regions of the space separated by a one dimensional domain wall. The
Hamiltonian will have the form

H = p,04, + +pyoy + m(z)o, = ( m(x)  prt zpy> (2.43)

pz —ipy  —m(x)

where m(x) is of the same form as in the one dimensional case. Given that
py commutes with the Hamiltonian, p, can be substituted by its eigenvalue
ky. In the particular case of k, = 0, the Hamiltonian is the same as in the
one dimensional case, so there will exist also a gapless edge state bounded
to the boundary in spite of having two gapped phases.

In fact, the ¥ = 0 state is just part of a band that crosses from the
negative to positive energies. This can be easily seen taking a particular
profile for the mass m(z) = Az. Taking the square of the Hamiltonian
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(a) Local band structure (b) Edge state
E E E n = |Cj.'2 — Cl| =1

Mass
- I+m

0
Figure 2.5: (a) Local band structure of a two dimensional Jackiw-Rebbi
model and (b) edge state predicted by the index theorem. The present

system can be thought as the toy model for more sophisticated models which
sustain interface states.

Na? + ps + k) i
2 _ T y
H ( —iA Ny +ph 4k (2.44)
and taking as basis the harmonic oscillators wavefunctions
s ((2n+DA+E] i
H™ = < —i\ (2n+ 1A+ k] (245)

gives the eigenvalues

E ==£,/k2+ 2n) (2.46)

so for the lowest case n = 0 the band has the dispersion relation (only one
sign survives due to the parity anomaly)

E=k, (2.47)

So, the F = 0 Jackiw-Rebbi solution would be a state from this band.
The fact of having such a ballistic band can be interpreted by the index
theorem. This states that in the boundary of two systems there are C; — Cy
edge states, where C7 and Cy are the Chern numbers of the two systems.

2.2.3 The topological Dirac equation

The previous toy model showed that edge states can be associated to the dif-
ference of certain invariants of two bulk Hamiltonians. Usual Hamiltonians
do not have edge states, so the natural question is if there are some systems
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which have irremovable edge states for reasons analogous to the previous
one. More precisely, we want to justify the existence of certain edge states
as solitonic solutions which interpolate two topologically different systems,
the vacuum and the so called topological insulator (TT).

Although the previous model gave a positive answer about the relation
of different topological structures and existence of edge state, it is unclear
which sign of mass should be related to trivial vacuum and which one to a
topological one. To unveil this fact, it is useful to define the following one
dimensional modified Dirac equation'”?? with a mass term dependent on
the reciprocal space point

H= (m —po2 . sz)> (2.48)

Also, it can be easily checked that the eigenvalues of the above equation
are

E =+\/(m — Bp?)2 4 p2 (2.49)

so for m # 0 the spectrum is gapped for every B. The first interesting thing
to see is the infrared and ultraviolet limit of the above Hamiltonian. both
limits correspond to a Dirac equation but with mass

Meff = M for p—0 (2.50)

Megg = — Bp* for p— £oo (2.51)

so for mB > 0 the chirality of the positive (the same applies for the negative)
energy states changes in the reciprocal space. For mB < 0, the chirality in
the origin is the same as in the infinity. The first one will be denoted as the
topological configuration while the second will be the trivial one.

To understand the topological difference of both configurations, we can
search for gapless edge states in a seminfinite geometry. For a £ = 0 local-
ized solution, p = i\, and eigenstate of o4, 0,|¥) = x|¥),

N+ =+ —=0 (2.52)

For an arbitrary boundary condition in x = 0, in general one will have a
combination of both solutions of the above equation. Given that A+ have to
have both the same sign of the real part to develop a normalizable solution,
it is necessary m/B > 0, or in the previous notation mB > 0. So, an E =0
edge state solution exists for the topological configuration mB > 0 even
when the bulk of the system is gapped.
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Figure 2.6: Topological (a) and trivial (b) integration path of the Berry
phase in the polyacetylene chain. The phase gained in a cyclic evolution
takes into account the number of times the phase of the wavefunctions has
winded around the origin.

On the contrary to the Jackiw-Rebbi solution, here the topological con-
figuration can be identified unequivocally as the one that develops a gapless
edge state in the boundary with a trivial vacuum

2.2.4 Polyacetylene

The simplest case of one dimensional topological insulator is the Polyacety-
lene chain.'”3% This system is formed by a one dimensional chain with
alternating values of the hopping parameter. When the two hoppings have
different magnitude, the system becomes gapped in the bulk. However, de-
pending on the relative strength of the two hoppings, the system can develop
topologically protected an edge state in the boundary.

We will consider first an infinite system whose unit cell is a dimer of
two atoms of hopping #; linked to the neighboring cells by hopping t2. The
Bloch Hamiltonian will be

. 0 t1 + tgeik . 0 peid)
H= <t1 + tge_ik 0 - pe‘w 0 (2'53)

The eigenvalues are
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Figure 2.7: Density of states of the edge dimer in the topological (a) and
trivial (b) configuration. for the polyacetylene chain. The DOS of the bulk
is also shown (red line) to be compared with the edge DOS.

E = j:\/(tl + tocosk)? + t3sin?k (2.54)

so for t1 # to the bulk spectrum is gapped. The eigenfunctions will be

@) = \}i <eli¢> (2.55)

so the integral of the Berry connection over the full Brillouin zone is

271— . .
Y= 7{ Adk = z% /0 ¢ e~ dly %w(%) — 4(0)] (2.56)

In figure 2.6 can be easily seen that

Y= 0 if to <t and =T if to > 11 (2.57)

The existence of an edge state for the topological configuration can be
explicitly seen by calculating the density of states (DOS) of a seminfinite
chain in both configurations. The DOS can be easily calculated by the edge
Green function solving the selfconsistent equation

9= F-H-% (2:58)
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where ¥ = tTgt is the usual selfenergy. The bulk DOS can be calculated
taking into account that the seminfinite right and left selfenergies have to
be added.

In figure 2.7 can be seen that in spite of having a gapped bulk DOS,
the topological configuration develops a bound edge state at E=0. This is
the topologically protected edge state and is the manifestation of the w Zak
phase of the bulk Hamiltonian.

2.3 Graphene

In this section we will review the simplest tight binding models of a honey-
comb lattice with an orbital per site. The simplest and most known material
whose effective Hamiltonian can be described in this way is the monolayer
graphene. However, the interest of these models are far beyond this sim-
ple material. The key point is that graphene is the simplest system which
presents a honeycomb lattice so it can be treated as a toy model before en-
tering more complex honeycomb systems. The special electronic properties
of graphene are just a consequence of the effective Dirac Hamiltonian that
arises naturally in a tight binding model.

The symmetries present determine which terms can appear on the effec-
tive Hamiltonian, thus restricting the independent parameters that have to
be taken into account. For simplicity we will suppose that the point group
symmetry is always present, however we will review the cases of both broken
and preserved time reversal and inversion symmetry.

2.3.1 Graphene with TR and IS

Graphene presents a honeycomb lattice with carbon atoms in the corner
of each hexagon. The simplest model for studying a graphene sheet is to
consider the hopping between the p, orbitals of neighboring atoms in a one
particle picture. The whole lattice can be split in two sublattices, the A
and B sublattices, in such a way the first neighbors of A atoms are B atoms
and vice versa. Due to this connectivity, the simplest unit cell presents two
carbon atoms, one from the A lattice and one of the B lattice. In the tight
binding picture, the parametric k¥ Hamiltonian to diagonalize will be

0 t(l + eik‘.dl + eiE.62)> (2 59)

H(K) = .
( ) (t(1+e—zk-a1 +e—zk~a2) 0
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{a) Honeycomb lattice (b} Triangular lattice (c} First Brillouin zone
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Figure 2.8: (a) Graphene lattice, (b) triangular Bravais lattice and (c) first
Brillouin zone of the reciprocal space with the two nonequivalent K and K’
points. The effective Dirac equation for the low energy excitations is direct
consequence of the bipartite nature of the lattice, so more complex bipartite
lattices are likely to show Dirac points in certain regimes. The Dirac points
are located in the K and K’ points of the Brillouin zone.

There are six k-points in the BZ such that 1 + ¢iFa1 + ehds — (. Of
all those six points, there are only two nonequivalent, being the other four
translations by a reciprocal space vector of the first two. In can be easily
checked that these special points are in fact the corners of the BZ, and that
two nonequivalent points K and K’ are related by inversion.

In the neighbor of these points the previous Hamiltonian can be ex-
panded in power series to give a Hamiltonian of the form

H®:(mﬂmgﬂ@)MM%Jﬂ%v (2.60)

where 7 = 1 for the K point and 7 = —1 for the K’ point. Taking natural
units vy = h = 1, the previous Hamiltonian is just of the form of a two
dimensional Dirac equation, so its eigenvalues are of the form

E=+/k2+k2 (2.61)

The spinorial component of the effective Dirac equation are precisely
the components over the A or B sublattice. The fact of having an effective
Dirac equation in graphene leads to several well known properties such as
its great electrical conductivity (related to the 7 Berry phase introduced
previously) or relativistic Landau levels. The presence of both time reversal
and inversion symmetry guarantees that the Chern number is equal to 0.
Although each valley has non vanishing Berry phase, they have exactly
opposite sign due to the sign dependence of 7.
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{a) Breaking of inversion symmetry (b) Breaking of time reversal symmetry

A sites B sites

®|/f|e)— —A

- "
{®)lle,) = +A B>0

Figure 2.9: (a) Breaking of inversion symmetry and (b) time reversal in
the honeycomb lattice. The breaking of IS is fulfilled by a different on-site
energy in the A and B atoms. The TR symmetry breaking consists on a
magnetic field with zero flux in the unit cell but with negative field in the
center and positive near the edges, which is parametrized as an imaginary
second neighbor hopping.

2.3.2 Broken inversion symmetry and time reversal: sublat-
tice asymmetry and Haldane model

A possible question in this point is whether a gap can be opened in the
effective Dirac equation that arises in graphene. To this point, suppose that
somehow a gap has been opened leading to a low energy Hamiltonian of the
form

H =kyop + Tkyoy + myo, (2.62)

The existence of spatial inversion symmetry (IS) requires that

mg = —mgr (263)

On the other hand, time reversal (TR) symmetry requires

mg = mg (2.64)

so for graphene with P and © symmetry mg = mpgs = 0. The previous
argument is valid even in the case of different hoppings in different directions,
so the absence of gap is said to be protected by TR and IS. Note that with
different hoppings, the Dirac points would not lie exactly in the corners K
and K’. So, in the simplified picture worked so far, the only way to open a
gap is by breaking either TR or IS.
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The simplest way to break IS and preserve TR is by adding a different
on-site energy to the A and B atoms. Such a term of this form naturally
arises in BN which presents honeycomb lattice with N in the A sites and
B sites. In graphene, a term of this form could arise by charge order or
by interaction with a substrate. Massive graphene presents a non vanishing
Berry curvature. Each valley contributes with a Chern number of C' = T%,
so the total Chern number is 0 as required by TR.

To break TR but preserve IS, a k dependent term could be added to
diagonals of the tight binding Hamiltonian. Such a dependent term naturally
arises as a hopping to second neighbors. Breaking of TR requires that this
term has to be complex, so it could lead to masses fulfilling myx = —mpg+ # 0.
In this case, each valley contributes with the same sign of the Chern number,
so the full BZ holds a Chern number C=1. The first neighbors hopping is
chosen real as before, so under a loop on the lattice the total phase gained
is 0, so there is no net magnetic field in the unit cell. The second neighbor
hopping is chosen of the form

Hpal = iAHal Z(d: x dy)cle; (2.65)
(i)

where (fl and cfg are the vectors in the directions of the path to reach the
second neighbor.

This model with complex hopping is known as the Haldane model®! and
is known as the first example of quantum Hall effect without magnetic field.
It sustains a gapless edge state in each edge due to its Chern number C' = 1
in accordance with the index theorem, as will be seen below in the TB
calculations.

2.3.3 Preserving TR and IS: quantum spin Hall effect in
graphene

A question that naturally arises is if there are some kind of system whose
transport could be characterized by something like a Chern number, but
with time reversal symmetry preserved. The most trivial way of doing this,
would be by pasting two Haldane models with conjugated hoppings. In such
a system, TR would have not only change the phase of the complex hopping,
but also interchanges both subsystems, so global TR would be preserved.
A model like the stated before can be easily fulfilled by including the
spin degrees of freedom,?? in such a way the two subsystems would be the
up and down channels, and so TR precisely interchanges up with down.
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Figure 2.10: The quantum spin Hall effect as two independent Haldane
models. Due to the spin conservation of the model, the Kane-Mele model
can be discomposed in two Haldane models with imaginary second neighbor
hopping with different sign depending on the spin channel. Note that this
decomposition has not to be valid for a truly SOC Hamiltonian.

The conjugated second neighbor hopping would be related to a term of the
spin-orbit coupling form

Hso. = 2aL.S. (2.66)

This term would maintain the S, component of the electrons well defined,
but due to the change of sign, each channel would suffer an effective local
magnetic field with opposite sign

Hso.|1)=al.|T)  Hso.ll)=—-al.ll]) (2.67)

More exactly, the term that is added to the TB Hamiltonian is

Hso =i)so Z S (di x da)cle; (2.68)

(i)
The transport of this system would be just the same as in the Haldane
model for the different spin channels, in each edge the down spins would

move exactly in the opposite direction of the up spins. For each channel, the
Chern number would be |C; || = 1, however global TR symmetry requires

C=Cr+C =0 (2.69)

A natural definition would be to define the so called spin Chern number
as
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Figure 2.11: (a,b) Two dimensional band structure of the filled band for
graphene, (c,d) band structure in certain directions of the BZ and (e,f)
Berry curvature in points used in (c,d). (a,c,e) correspond to the massive
model whereas (b,d,f) correspond to the Haldane model. The parameters
are Ao = 0.08 and m = 0.28.

C=C—C =2 (2.70)

so in this fashion, the system will be characterized by a quantized spin edge
current. However, in more general models beyond graphene the decoupling
between the up and down channels is not guaranteed, so the edge modes
do not have to be spin polarized but will remain related by time reversal
symimetry.

2.3.4 Computational tight-binding model

In the following we will compute the band structure of the tight binding
model of graphene by exact diagonalization. The Berry curvature is calcu-
lated by finite difference of cyclic Berry connections. A smooth gauge based
on choosing a constant component of the spinor in the loop is chosen to
avoid numerical instabilities.

We perform calculation for the massive graphene model and for the Hal-
dane model. Both models have in common that in the low energy and
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coupling limit the low energy Hamiltonian behaves as two massive Dirac
equations. However, since the massive model retains time reversal invari-
ance, the Chern number is identically 0, due to have a mass term with
constant sign in both valleys. On the other side, the Haldane model has
a mass term which changes sign from one valley to the other (and thus
breaks TR invariance), allowing to total Chern number of the filled band
C=1/2+1/2=1.

The existence of a nonvannishing Chern number guarantees the existence
of gapless edge states due to the index theorem. Since the massive model
has Chern number C' = 0 it is not guaranteed their existence whereas in the
Haldane model we will observe an edge state per boundary of the system.

In figure 2.12 we show the band structure of zigzag ribbons in both
models as well as the Berry curvatures obtained. It can be seen that in the
massive model there are not gapless edge states (however there are gapped
edge states due to the zigzag geometry), whereas in the Haldane model
there are gapless edge states both in the weak in the strong and weak limit.
Looking at Berry curvatures it is checked that in the massive model differ-
ent valleys contribute with exactly opposite Berry curvature while in the
Haldane model every valley contributes with the same sign.

In the Haldane model, since each edge of the system has only one edge
state (required by inversion symmetry), the back-scattering of the edge
states is forbidden for wide enough ribbons. For the same reason, small
disorder will not lead to localization of the edge sates, however when disor-
der is strong enough percolation between the two edges by impurity localized
bulk states would be possible. The robustness against small disorder of the
edge states is responsible for the quantized Hall conductance, and these
reasons are the same for the usual quantum Hall effect (both classical or
relativistic).

Since the Kane-Mele model can be viewed as two Haldane models with
opposite second neighbor coupling, that model will as well support gap-
less edge states, one for spin up and another for spin down. However due
to the TR symmetry of the model, the two channels have to be counter-
propagating so the system will not carry net current but will carry a net
spin current. Each edge will have an up and down channels propagating in
opposite directions.

The edge states of the Kane-Mele model will show robustness for the
same reason as in the Haldane model as long as the two channels remain
decoupled. To remain decoupled means that in the present model the pertur-
bation Hamiltonian will show time reversal symmetry. If the perturbation
is not TR symmetric, the two channels might be mixed and the states can
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Figure 2.12: Band structure of zigzag ribbons and Berry curvature in the
reciprocal space for the massive and Haldane model. It can be seen that
the sign of the curvature does not change between valleys in the Haldane
and so a nonvanishing Chern number is obtained. In the massive case each
contribution in the K valley is canceled by a contribution in the K’.

become localized. Defining the spin current as Jy — J| in the same fashion
as the spin Chern number, the robustness of the decoupled edge state will
turn the current a quantized quantity.

At this point, the following question is whether systems with Hamiltoni-
ans more sophisticated than the Kane-Mele can show a robust edge current.
In general, the up and down channels might not be decoupled as in the
simple Kane-Mele Hamiltonian, so at first sight it is not clear if the spin
current and spin Chern number will remain quantized. The existence of
edge states is guaranteed by the calculation of the Zo shown in a previous
section, but this quantity says nothing about the spin edge current. The
result, which will not be calculated here is that a generalized formulation of
the spin Chern number?! which remains quantized can be performed. How-
ever, the spin current will not be quantized,'?14 since the edge states do
not have to be spin filtered in general, but will be robust.??
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The perovskite bilayer

3.1 Introduction

The perovskite structure, shown in Fig 3.4, with notation ABOj3, consists
of a cubic lattice of B atoms surrounded by an octahedral environment of
O atoms and with an A atom in the middle of the cube. The O atoms are
located in the middle of the B-B distances.

In our particular case, we will choose the A and B atoms such that their
roles can be thought in the following way. The A atoms are not electronically
relevant given that they loose all their valence electrons whereas the B atoms
loose a certain number of valence electrons until the oxygen reaches —2 state.
The rest of the electrons of the B atoms will lie in the d-shell, perturbed
by the octahedral field created by the oxygen atoms. In addition to this
perturbation, the oxygen atoms will let hopping between neighboring B
atoms via virtual processes. Also, many body couplings between neighbors
via the oxygen may create a Heisenberg term which will be responsible of
magnetism.

A honeycomb structure can be constructed from a perovskite unit cell
as can be seen in Fig. 3.2, where a perovskite bilayer grown along the (111)
direction made of an open-shell oxide is sandwiched by an isostructural
band insulating oxide. The metal atoms of the bilayer form the honeycomb
lattice. It has been shown that (111) multilayers can develop topological
phases,?6:36739 a5 well as spin liquid phases and non-trivial superconduct-
ing states.’® Topological insulating phases have been predicted for vari-
ous fillings of the d shell,?6 here we will focus on the large SOC limit (5d
electrons) and formal d® filling. We will study two different multilayers,
(SrTi03)7/(SrIrO3)2 and (KTaOgz)7/(KPtO3)2 and we will focus on the re-

31
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Figure 3.1: Scheme of the cubic perovskite structure XY Os.

alization of a nontrivial » = 1 ground state. SrIrOs (agyro, = 3.9421)41
is a correlated metal*? whose lattice match with SrTiOz (STO) would be
close enough (asytio, = 3.905;1)43 for them to grow epitaxially with stan-
dard growth techniques. KPtOs has not been synthesized (to the best of
our knowledge) but our calculations (axpio, = 4.024) show a reasonable
lattice match with KTaO3z would be possible (axTa0; = 3.98;{44). The first
multilayer is an iridate very similar to the well known NagIrO3.4%50 This
last system presents a honeycomb lattice of Ir atoms at tgg filling and is
predicted to develop the QSHE, however electron correlation would develop
an antiferromagnetic order in the edges. We will study the dependence of
the topological ground state on the applied uniaxial strain and the electron-
electron interaction and we will determine a transition between two topo-
logical phases in both materials. The work is organized as follows. Firstly,
we introduce a simple tight binding (TB) model as in?® focusing on the tgg
case. In Section III we use density functional theory (DFT) calculations
to study the evolution of both multilayers with uniaxial strain and on-site
Coulomb repulsion and we determine the ground state of each material. In
Section IV we study the stability of the topological phase against TR and
IS breaking using both TB and DFT calculations. Finally in Section V we
summarize the results obtained.

3.2 Tight binding model

In this section we explain the form of the different terms of the TB Hamil-
tonian

H:HSO+Ht+Htri+Hm (31)
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Figure 3.2: Construction of the bilayer and scheme of the multilayer consid-
ered in the DFT calculations. The TM atoms are arranged in a triangular
A and B lattice in the (111) direction in such a way the two will form a
buckled honeycomb lattice. The Z atom corresponds to the insulating layer
(in our case SrTiO3 or KTaOs3) and does not participate in the honeycomb.

3.2.1 Spin-orbit term

We want to obtain the form of the SOC restricted to the to, subspace.
Taking the basis

1 0 0
lyz) = 0 lxz) = | 1 lzy) = [ 0 (3.2)
0 0 1

can be easily seen that the representation L; = hl; takes the form

0O 0 O 0 0 14
l,=10 0 ¢ ly=1{0 0 0 (3.3)
0 —3 O —35 0 0
0 <2 O
l,=1—-7 0 O
0 0 O
The SOC term has the usual form
200 » = o
Hso:ﬁLuS’:al-a (3.4)

where o; are the usual Pauli matrices acting on spin space. The rep-
resentation follows the commutation relation [l;,1;] = —i€jrly so defining



34 CHAPTER 3. THE PEROVSKITE BILAYER

J; = S; — L; the usual commutation relations hold. This change of sign
introduces an overall minus sign on the eigenvalues so the spectrum results
in a j = 3/2 quadruplet with F;_3/, = —a and j = 1/2 doublet with

Ej:1/2 = 20.

3.2.2 Hopping term

Each site has three bonds directed along the edges of the perovskite struc-
ture. The bonds link the A and B sublattices so there will be three different
overlaps t; = (A|H;|B) depending on the direction

(tmatyytz) = t(TmaTyaTz) (3-5)

The hopping takes place through the overlap of the t5,4 orbitals of the TM
and the oxygen p orbitals, It can be easily checked that the main contribution
gives a matrix form that can be casted in the form

(T Tys T2) = (zg,zg,zg) (3.6)

3.2.3 Trigonal term

Due to the geometry of the system, a possible term in the Hamiltonian
that does not break the spatial symmetries of the system is a trigonal term.
This term will differentiate the perpendicular direction from the in-plane
directions. This term will behave as an on-site term which mixes the o,
states without breaking the symmetry between them so the general form in
the to, basis is

Htri — )\tm' (3 7)

e e )
— O
O = =

3.2.4 Mass term

A term which makes the two sublattices nonequivalent will break inversion
symmetry. The minimal term which fulfills this is

Lo
Hm—msz—m<0 —IB) (3.8)

where 14 and Ip are the identity matrix over the A and B sublattices
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(a) Band structure

Figure 3.3: Band structure and absolute Berry curvature of the tight binding
model. The parameters are A\go = 0.2t, Ay = 0.3t for the first row and
Aso = 2t, Ay = 0.3t for the second row.

3.2.5 Appearance of the model

First we will calculate the band structure in the regimen of weak and strong
orbit coupling. Since we would like to preserve both time reversal and
inversion symmetry, applying the same argument as the one of the Kramer’s
degeneracy to the operator PO, in each k-point we will have degeneracy
two. This fact arises a new problem which is that in this case we have also
U(2) symmetry in the reciprocal space apart from the usual U(1). To do
a strict calculation, we should compute the non abelian Berry curvature
instead the usual abelian one. However, due to the random matrix problem
there will be numerical instabilities when the different components of the
gauge field are calculated. To avoid this problem, we have chosen to break
the U(2) symmetry to the usual U(1) by a sublattice asymmetry which
breaks inversion symmetry. Since the meaning of the Berry curvature in the
regularized problem is not clear, the calculation will only lead us to identify
the topologically interesting points of the band structure. Since we could
also have broken the U(2) symmetry by a ferromagnetic or antiferromagnetic
field to regularize the calculation, it is more suggestive to preserve time
reversal symmetry even if the breaking was present only as an anomaly.

In figure 3.3 the band structure is shown and the absolute value of the
Berry curvature in the regularized system. It is clearly seen that the upper
two bands develop a Dirac point in the k-point as in graphene. In the
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Figure 3.4: Evolution of the gap with the different parameters of the system
and perturbation term which will lead to such behavior.

following we will see precisely that the perovskite at t3 4 behaves very similar
to graphene, which will be the behavior expected from the band structures
and Berry curvatures shown.

3.2.6 Full Hamiltonian

The octahedral environment of oxygen surrounding the transition metal
atoms decouple the d levels in a t9, sextuplet and an e, quadruplet. Given
that the crystal field gap is higher than the other parameters considered we
will retain only the ¢, levels. The Hamiltonian considered for the t9, levels
takes the form

H = Hgso + Hy + Hypi + Hp, (39)

Hgo is the SOC term, which gives rise to an effective angular momentum
Jeff = S—L which decouples the ty4 levels into a filled j=3/2 quadruplet and
a half filled 7 = 1/2 doublet. Hy is the hopping between neighboring atoms
via oxygen that couples the local orbitals without mixing j.. Hy; is a local
trigonal term which is responsible for opening a gap (as we will see below)
without breaking TR and IS. H,, is a term which breaks IS making the two
sublattices nonequivalent tending to open a trivial gap by decoupling them.
In the following discussion we will suppose that this last term is zero, but
we will analyze its role in section IV.

We are interested in two different regimes as a function of SOC strength:
strong and intermediate. We call strong SOC to the regime where the j=3/2
and j=1/2 are completely decoupled so that there is a trivial gap between
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them. We will refer to an intermediate regime if the two subsets are coupled
by the hopping. The key point to understand the topological character of
the calculations is that a tgg configuration can be adiabatically connected
from the strong to the intermediate regime without closing the gap. The
argument is the following, beginning in the strong SOC regime it is expected
that a four band effective model will be a good approximation. In this
regime the mathematical structure of the effective Hamiltonian turns out to
be equivalent to graphene. The trigonal term is responsible for opening a
gap A via a third order process in perturbation theory
2

A~ /\m-@ (3.10)
where Ay is the trigonal coupling ¢ is the hopping strength and o« the
SOC parameter. It can be checked by symmetry considerations that the
restriction of the matrix representations leads to this term as the first non-
vanishing contribution in perturbation theory. Eq. (2) has been checked by
a logarithmic fitting of numerical calculations of the full model. This term
will open a gap in the K point conserving TR and IS and thus realizing a
v =1 ground state.?”

As SOC decreases, the gap becomes larger while the system evolves from
the strong to the intermediate regime, so the intermediate regime is expected
to be a topological configuration?® with a non-vanishing gap. Note that even
though perturbation theory will only hold in the strong regime, the increase
in the gap as the system goes to the intermediate regime suggests that the
t‘;’g configuration will always remain gapped. This argument is checked by
the numerical calculations shown below.

3.2.7 Results from tight binding calculations

In Fig. 3.5 we show the results of a calculation using the TB Hamiltonian
proposed above. Figure 3.5a is the bulk band structure for strong and in-
termediate SOC strength a. If a non-vanishing trigonal term is included, it
opens a gap in the Dirac points of the band structure generating topologi-
cally non-trivial configurations. We can see this clearly in Fig. 3.5b, where
the band structure close to the Fermi level in the vicinity of the K point is
shown.

The topological character of each configuration is defined by the v topo-
logical invariant which for a band in an IS Hamiltonian can be calculated
as27

(—1 = T (welPiws) (3.11)

TRIM
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Figure 3.5: (a) Band structure of the TB model with intermediate o = ¢
(left) and strong av = 2¢ (right) SOC strength and As; = —0.5, the difference
between the two cases relies on the v, invariant of last filled band. The red
lines are the band structure with Ay = 0 (b) Band structure zoomed for the
j=1/2 bands near the K point for negative (Ay; = —0.5), zero and positive
(Ari = —0.5) (c) Evolution of the gap in the K point with A, for the
intermediate regime.

where the product runs over the four time reversal invariant momenta (TRIM).
The full invariant of a configuration will be the product of the last equation
over all the occupied bands

v= Z vp (mod 2) (3.12)

occ.bands

For a t3 o filling the first unfilled band has always 1, = 1 but the difference
between strong and intermediate SOC is the v, invariant of the last filled
band. For strong SOC the j=1/2 and j=3/2 are completely decoupled so a
t%g configuration would be topologically trivial, being the invariant of the
fifth band v, = 1. However, when SOC is not sizable the bandwidths are
large enough to couple the j=1/2 and j=3/2 levels so that the tég filling
is a topological configuration. In both cases the tgg is topologically non-
trivial. We will see below using DFT calculations that the systems under
study (TMO’s with 5d electrons in a perovskite bilayer structure) are in this
intermediate SOC regime.

Figure 3.5b shows the bulk band structure, focusing now in the j=1/2
bands, for negative, zero and positive trigonal terms. The number v}, is the
invariant of the band while v is the sum of the invariants of that band and
the bands below it. No matter what the sign of A4 is, the configuration
becomes non-trivial, being its role to open a gap in the K point around the
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Fermi level. In the DFT calculations below, it will be seen that a change
of sign of the trigonal term can be understood as a topological transition
between a low U topological insulating phase (LUTI) and a high U topo-
logical insulator (HUTT), across a boundary where the system behaves as a
topological semimetal (TSM).

3.3 DFT calculations

3.3.1 Computational procedures

Ab initio electronic structure calculations have been performed using the
all-electron full potential code WIEN2K®® The unit cell chosen is shown in
Fig. 3.2. It consists of 9 perovskite layers grown along the (111) direction,
2 layers of SrIrO3 (KPtOgs) which conform the honeycomb and 7 layers of
SrTiO3 (KTaOs) which isolate one honeycomb from the other.

For the different off-plane lattice parameters along the 111 direction of
the perovskite considered, the structure was relaxed using the full symme-
try of the original cell. The exchange-correlation term is calculated de-
pending on the case using the generalized gradient approximation (GGA)
in the Perdew-Burke-Ernzerhof®* scheme, local density approximation+U
(LDA+U) in the so-called ”fully located limit”®> and the Tran-Blaha mod-
ified Becke-Jonsson (TB-mBJ) potential.>®

The calculations were performed with a k-mesh of 7 x 7 x1, a value of
Ryt Kmaz= 7.0. SOC was introduced in a second variational manner using
the scalar relativistic approximation.’” The R,,; values used were in a.u.
1.89 for Ti, 1.91 for Ir, 2.5 for Sr and 1.67 for O in the Ir-based multilayer
and 1.93 for Ta, 1.92 for Pt, 2.5 for K, 1.7 for O in the Pt-based multilayer.

3.3.2 Band structure of the non-magnetic ground state

The systems chosen to study a d® filling in a honeycomb lattice with substan-
tial SOC are the multilayers (SrTiO3)7/(SrIrO3)2 and (KTaO3)7/(KPtO3)2
formed by perovskites grown along the (111) direction.

First the structure is optimized for different lattice parameters c respect-
ing IS using GGA and without SOC. This means that mainly only the inter-
planar distances in the multilayers are relaxed. For the energy minimum the
band structure is calculated turning on SOC.

The band structure using three exchange-correlation schemes (GGA,
LDA+U and TB-mBJ) develops the same structure. The v, topological
invariant of each band is calculated as in the TB model,?” the topological
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Figure 3.6: Band structure obtained in the DFT calculations for the opti-
mized lattice parameter c¢. The calculations were performed with TB-mBJ
for both (SrTiO3)7/(SrIrO3)2 (a) and (KTaOs3)7/(KPtO3)2 (b). The right
panels are the band structure near the Fermi level with the topological in-
variants displayed.

invariant being the sum of the v invariants over all the occupied bands.
Figure 3.6 shows the band structure calculated with TB-mBJ as well as the
v, invariants also obtained ab initio. The difference in the curvature of the
bands with respect to the result obtained with the TB model is due to the
existence of bands near the bottom of the j=3/2 to, quadruplet which are
not considered in the TB Hamiltonian. Each band has double degeneracy
due to the combination of TR and IS. At the optimized c, the gap between
the last filled and the first unfilled band is located at the corner of the Bril-
louin zone (K-point). At low c¢ (unstable energetically but attainable via
uniaxial compression), GGA predicts that the system can become a metal
by closing an indirect gap between the K and M points, however TB-mBJ
calculations predict that a direct gap is localized at the K point. For all the
calculations the ground state has ¥ = 1 and thus it develops a topological
phase. The last filled band turns out to have v, = 0 so by comparison with
the TB results the system corresponds to the intermediate SOC limit. If a
5d electron system like this is in the intermediate SOC limit, it is hard to
imagine how one can build a TMO heterostructe closer to the strong SOC
limit. The first unfilled band has v}, = 1 as expected since a t§ , configuration
will be a trivial insulator with a gap opened by the octahedral crystal field.

The way a trigonal field is present in the DFT calculations is mainly in
two ways. On one hand, strain along the z direction varies the angles of the
cubic perovskite leading to a mixing term between the o4 levels. We define
this deformation as €,, = % where ¢ is the off-plane lattice constant with
lowest energy. On the other hand, an on-site Coulomb repulsion defined on
the TM by using the LDA+U method has precisely the symmetry of the
bilayer, i.e. trigonal symmetry, so varying in some way the on-site potential
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Figure 3.7: Evolution of the gap as a function of the uniaxial strain for
the Ir-based multilayer (a) and Pt-based multilayer (b). Evolution of the
gap with the on-site interaction for the Ir-based multilayer (c¢) and Pt-based
multilayer (d). It is seen that both systems develop the same behavior
although at different U’s.

(always preserving parity symmetry) will have the effect of a trigonal term
in the Hamiltonian.

According to this, it is expected that in a certain regime, variations in €,
can be compensated by tuning U. In this regime, similar to what we discussed
above, the system will develop a transition between two topological phases:
a LUTT and a HUTI. At even higher U the system will show magnetic order,
however we will address this point later and by now we will focus first on the
non-magnetic (NM) phase. In order to study the phase diagram defined by
the parameters €,, and U, we will perform calculations keeping one of them
constant and determine how the gap closes, keeping track of the parities at
both sides of the transition.

3.3.3 Evolution of the gap with uniaxial strain

Here we will discuss the behavior of the gap in the K point with €., keeping U
and J constant. First we analyze the behavior of both materials in parameter
space showing their similarities finishing characterizing the actual position
of the ground state of the system in the general phase diagram.

First we focus on the (SrTiO3)7/(SrIrOg3)2 case. As shown in Figure 3.7,
the gap closes as a function of ¢, so uniaxial strain can drive the system
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between two insulating phases just as Ay does in our TB model. However,
for high U the transition point disappears. For low U, €,, can drive the
system from a positive trigonal term to a negative one. This means that
uniaxial strain can change the sign of the effective trigonal term of the
Hamiltonian. However, for high U, strain is not capable of changing the
trigonal field, so the system remains in the same topological phase for every
€,.. For the calculations using the TB-mBJ scheme, the transition point
takes place almost at €,, = 0.

Now we will focus on the (KTaOgz)7/(KPtOg3)s system. For the GGA
calculations the transition with €., disappears, being the system always in
the HUTTI phase. If the system is calculated using LDA+U with U negative,
the behavior is similar to the previous system and the transition point of
TSM reappears. Thus, the present system (Pt-based), though isoelectronic
and isostructural, can be understood as the strong-U limit of the previous
system (Ir-based). The band gap is larger, which is a sought-after feature
of these TI, but not large enough to make it suitable for room temperature
applications.

3.3.4 Evolution of the gap with U at constant ¢,

The Hamiltonian felt by the electrons depends also on the on-site Coulomb
interaction between them. If the variation in the term of the Hamiltonian
that controls it takes place only in the TM atoms, the symmetry of the
varying term will have the same local symmetry as the TM atoms, i.e.
trigonal symmetry. Thus, it is expected that a variation in U will have a
similar effect as Ay in the TB model, so the gap can also be tuned by the
on-site interaction.

Figure 3.7 shows the behavior of the gap for both systems in an LDA+U
scheme with J=0.95 eV as the parameter U is varied.

The slow increase of the gap with U suggests that the gap opened is
not that of a usual Mott insulator and reminds rather to the slow increase
obtained in the TB model. In fact, calculation of the v invariant shows again
a topological phase on both sides of the transition.

Both systems develop a transition between the LUTI at low U to the
HUTTI phase at high U. However, the transition point of (SrTiOg3)7/(SrIrOs3)2
is at positive U’s, for the (KTaOgs)7/(KPtOg3)s the transition appears at
negative U’s, so for all possible reasonable U values the system will be a
HUTT.

For (SrTiOg3)7/(SrlrOs3)2 it is possible to use this transition to estimate
which value of U should be used in an LDA+U calculation for these 5d
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systems to reproduce the result of the TB-mBJ calculation. This is often
a matter of contention when dealing with insulating oxides containing 5d
TM’s.4558  TB-mBJ calculations have proven to give accurate results of
band gaps in various systems,%! however in strongly correlated d systems
the results of the functional are not a great improvement of the usual GGA
scheme.%? On the other hand, it has been shown in the past (for 3d elec-
tron systems) that a TB-mBJ calculation can be compared with an LDA+U
calculation for a U value that matches nicely spectroscopy data, lattice pa-
rameters and density of states.%3 Either way, due to the relatively low U
of Pt and Ir compounds in comparison with other TM, we will in principle
accept this scheme and, in order to estimate an approximately correct value
of U to use in an equivalent LDA+U calculation, one possible route is to
look for which is the value that reproduces the same transition point as the
TB-mBJ calculation. From Fig. 3.7c it can be checked that the gap closes
at U-J=0.45 eV being this value in agreement with the ones suggested in
some references.*>46 This approach suggests that the values which might be
used in an LDA+U calculation to mimic the TB-mBJ result are on the order
of U =14 ¢V and J = 0.95 eV. On the other hand, other works relate to
value of U on the order of 2 eV,*74® however due to the well known property
dependence of the value of U,* it is still unclear which is the correct value
to study these topological phases. Therefore, our result can serve as a refer-
ence for other ab initio based phase diagrams for iridates where topological
phases have been predicted as a function of U.?® Moreover, we study this
system in a broad range of U values and using different exchange-correlation
schemes to provide a broad picture of the problem.

Recently topological phases dominated by interactions, called topological
Mott insulating phases, have been theoretically found,’"®? being this term
employed for physically different phenomenon. In the HUTI phase, the gap
of the systems is enhanced by increasing U parameter so that the system
might be robust against electron-electron interactions. In the same fashion
a usual band insulator can be connected to a Mott insulating phase,? %0 the
previous robustness suggests that the HUTI phase might be adiabatically
connected to an integer Mott insulating phase. Whether this is an artifact
of the DFT method or an acceptable mean field approach of a many body
problem is something that can only be clarified with experiments.
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Figure 3.8: Difference of the sublattice magnetization for the

(SrTiOg3)7/(SrIrO3)2 (a) and (KTaOgz)7/(KPtOg3)2 (b). At high U the sys-
tems develop an AF order, however at realistic U’s both systems remain
non-magnetic.

3.4 Stability of the topological phase

So far we have considered a system with both TR and IS. However, given that
the Z5 classification is valid only for TR systems it is necessary to determine
if the ground state possesses this symmetry. IS breaking could destroy the
topological phase opening a trivial gap by decoupling both sublattices. TR
symmetry breaking will be fulfilled by a magnetic ground state whereas IS
breaking will be realized by a structural instability. In this Section we will
study the two possibilities and conclude that both systems remain in the
topological state in their ground states.

3.4.1 Stability of time reversal symmetry

Increasing electronic interactions will drive the NM ground state to a mag-
netic trivial Mott insulating phase at very high U. For a magnetic d®:5=1/2
localized-electron system, from Goodenough’s rules® an antiferromagnetic
(AF) exchange between the two sublattices is expected which would create
an AF ground state breaking both TR and IS. To check this result, we have
performed DFT calculations within an LDA+U scheme taking J=0.95 eV
and varying U.

For both systems the calculations have been carried out at different U’s
for the NM and AF configurations. In both cases the ground state is AF
at high U. Also, the sublattice magnetization increases with U. The main
difference is that in (SrTiOg3)7/(SrIrO3)2 a NM phase can be stabilized even
at high U in spite of being the AF phase lower in energy. In contrast,
in (KTaO3)7/(KPtOg3)2 it has not been possible to stabilize a NM phase.
Figures 3.8a and 3.8b show the evolution of the sublattice magnetic moment
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Figure 3.9: Phase diagram in €,,-U space, the approximate position of the
ground state of both systems is indicated.

for both compounds.

Also, a ferromagnetic (FM) phase has been analyzed, being the least
preferred one. In the Ir compound a FM phase can be stabilized but has
always higher energy than the NM or AF. In the Pt compound a FM phase
cannot be stabilized like in the case of NM calculations. The true ground
state of the system would be a T1I phase in the Pt-based multilayer (or TSM
in the Ir-based multilayer) depending on the value of U employed, so if the
correct value to be used is larger than the critical value, the topological
Zo phase will break down and the edge states would become gapped. Thus
the experimental measurement of the magnetic moment of the ground state,
of these bilayers would shed light into the correct value of U which should
be used in these and other similar compounds. To summarize, the system
shows a NM ground state for both compounds until a certain U (larger than
the value of U that would be equivalent to TB-mBJ calculations) where the
system becomes AF (see Fig. 3.9).

3.4.2 Stability of inversion symmetry

The topological properties of this system rely on both TR and IS. Tight-
binding calculations predicted that non-invariant parity terms with energy
associated of the order of magnitude of the topological gap could eventually
drive the topological phase to a trivial one.

First we will discuss the (SrTiOs)7/(SrIrOg3)2 system. The simplest IS
breaking could be driven by a structural instability. To study the structural
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Figure 3.10: (a) Evolution of the gap in the TB model as a function of m,
the closing point spots the transition between topological and trivial phase.
(b) Bands of zigzag ribbons at different m, for low there are gapless edge
states while for large m the edge states become gapped. (c¢) Evolution of
the eigenvalues obtained in the DFT calculation of (KTaOgz)7/(KPtO3)2,
the dashed lines correspond to the fully relaxed structure. (d) Evolution of
the four eigenvalues closest to the Fermi level for the TB model.

stability of the structure, we have displaced one of the TM atoms from
its symmetric position and then relaxed the structure. As a result, the
structure returned to the symmetric configuration. However, due to being
in the transition point between the two topological phases any external
perturbation (such as a perpendicular electric field) could break inversion
symmetry. This system would be classified more as a topological semimetal
rather than a topological insulator due to the (almost) vanishing gap of the
relaxed structure.

Now we will proceed to (KTaO3)7/(KPtO3s)2. The first difference be-
tween this and the previous system is that in the present case the structure
is well immersed in the HUTI. A large IS breaking is expected to drive the
system to a trivial phase where the sublattices A and B would be decoupled.
However, to change its topological class, the system has to cross a critical
point where the gap vanishes in some point of the Brillouin zone. According
to that, the expected behavior is that the gap closes and reopens as the
sublattice asymmetry grows, going from the original topological phase to a
trivial insulating phase.

To check this, we will compare the results obtained from the TB model
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and DFT calculations. In the TB case, we introduce a new parameter which
is a diagonal on-site energy whose value is +m for A atoms and —m for
B atoms. This new parameter will break IS and its value will take into
account the amount of breaking. When IS is broken the index v cannot
be calculated with the parities at the TRIM’s. However, we can study the
topological character searching for gapless edge states. For that sake we
calculate the band structure of a zig-zag ribbon of 50 dimers width with
a =t and Ay = —t. The calculations were also carried out in an armchair
ribbon and the same behavior is found (not shown), however the mixing of
valleys makes the band structure harder to understand. According to the
result of the TB model shown in Fig. 3.10a and 6b, for small m the system
remains a topological insulator although the introduction of m weakens the
gap. If m keeps increasing the system reaches a critical point where the gap
vanishes and if m increases even more the gap reopens but now the edge
states became gapped so the system is in a trivial insulating phase.

To model the symmetry breaking in the DFT calculations we move one
of the Pt atoms in the z direction. As the distance to the original point
increases IS gets more broken. We show the four closest eigenvalues to the
Fermi level in the K point for the DFT calculations (Fig. 3.10c) and TB
model (Fig. 3.10d). For the symmetric structure (Az = 0), the combination
of TR and IS guarantees that each eigenvalue is two-fold degenerate. Once
the atom is moved the degeneracy is broken and the eigenvalues evolve with
the IS breaking parameter. The analog between the two calculations suggest
that in the DFT calculation once the gap reopens the new state is also a
trivial insulator. The dashed lines in Fig. 3.10c correspond to the eigen-
values at the K point for the fully relaxed structure allowing IS breaking.
Comparing with the curves obtained for the evolution of the eigenvalues it is
observed that the relaxed structure is in a slightly asymmetric configuration
but it remains in the HUTT phase.

Due to the dependence of the topological state on IS, tuning this be-
havior would allow to make a device formed by a perovskite heterostructure
which can be driven from a topological phase to a trivial phase applying a
perpendicular electric field. The device will be formed by the TM honey-
comb lattice sandwiched between layers of the same insulating (111) per-
ovskite from above and below. In this configuration the system will be in
a HUTI phase. However, a perpendicular electric field will break more the
sublattice symmetry inducing a much greater mass term in the Hamiltonian
proportional to the applied field. Modifying the value of the electric field it
would be possible to drive the system from the topological phase (E =0),
to the trivial phase (high E) This can be exploited as an application of
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this TI in nanoelectronic and spintronic devices.?>%8 The sublattice asym-
metry needed to make the transition is in the same order of magnitude as
the topological gap, as can be checked in Fig. 3.10a.
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Conclusions

We have studied the tgg perovskite multilayers (SrTiOgz)7/(SrIrO3)s and
(KTaOs3)7/(KPtO3)2 as a function of the on-site Coulomb interactions and
uniaxial perpendicular strain conserving time reversal and inversion sym-
metry. The behavior of the system has been understood with a simple TB
model where SOC gave rise to an effective j=1/2 four-band Hamiltonian.
Uniaxial strain and on-site interactions have been identified as a trigonal
term in the TB model whose strength controls the magnitude of a topolog-
ical gap. The topological invariant v has been calculated using the parities
at the TRIM’s both in TB and DFT calculations. Comparisons between the
invariants of the bands determines that both of these 5d electron systems
stay in the intermediate SOC regime. The small value of the gap in the K-
point comes from being a contribution of third order in perturbation theory.
In contrast, sublattice asymmetry contributes as a first order term, so the
topological phase can be easily destroyed by an external perturbation that
gives rise to an IS-breaking term in the Hamiltonian.

(SrTiO3)7/(SrIrOg3)2 has been found to be a topological semimetal at
equilibrium e€,,. Comparing TB-mBJ and LDA+U calculations we have esti-
mated the value of U in the Ir atoms as U-J=0.5 eV. In (KTaO3)7/(KPtO3)2
a HUTTI phase at equilibrium has been found. In this system a perpendic-
ular electric field could drive the topological insulating state to a trivial
insulating state in a reversible way.

Although the smallness of the gap makes the tgg configuration not par-
ticularly attractive for technological applications, the simple understanding
of the system turns it physically very interesting. The present system can be
thought of as an adiabatic deformation of a mathematical realization of the
four band graphene with SOC, with an experimentally accessible gap, the

49
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roles of S and H so being played now by j; rf and Hy.;, but with a different
physical nature of the topological state.



Appendix A

Calculation methods

A.1 Tight binding model

Suppose we have a Hamiltonian of a one dimensional system with translation
invariance. We split the system in identical neighbouring blocks and we
choose a basis of localized orbitals in each of the blocks, in such a way an
orbital in one block is the translation of an orbital in other block.

We take the following notation, in each block n, the ith local wavefunc-
tion is |n, ). We suppose orthogonality between orbitals (m, j|n, ) = dpmdsj.
To calculate the representation of the Hamiltonian we calculate the matrix
elmentens in the basis of the previous orbitals. Taking into acount that we
suppose that the Hamiltonian only mixes neighbouring cells, the elements
needed are the following

Intracell hopping
e = (n,ilH|n, j) (A1)

Intercell hopping

n+l . .
tiy " = (nyilH|n + 1, ) (A.2)
N = (n 4+ 10| H|n, j) = (n, j|H|n + 1,0)* = £+ (A.3)

If T is the operator (T is an unitary operator so TTT = I) that make
translation on the system then |n + 1,i) = T'|n, 7). If the system has trans-
lation invariance TTHT = H. Given the previous relations, one has that

e = (n,ilH|n, j) = (n,i|TYHT|n, j) = (n + Li|H|n + 1, j) = e/ 7"
(A.4)
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tr ™ = (n,ilH{nt1, §) = (n,i| T HT [n41, j) = (n4-1,i| H|n42, j) = ¢75"
(A.5)
so for every n the intracell elements of the Hamiltonian are equal, ;" =
n,n+1 '
i7j
the left cell are equal as well (and the hermitian of previous one) ¢

€5, the hopping to the right cells are equal ¢ = t;; and the hopping to

nn+1 +*
4,J g
The action over one local wavefunction of the Hamiltonian will be

Hin,i) = (€ jln.4) + tijln +1,5) + t5,ln — 1,5)) (A.6)
J

Now we define the following wavefunctions in spinorial form, where each
component of the spinor is the local i-wavefunction

n, 1)
n,2)
) =1 |n,3) (A7)

and the following matrices where their elements are the intracell and
intercell hoppings

e={ey} t={t:;} t'={t;;} (A.8)

with the previous notation, the action of the Hamiltonian on the spinors
takes the simple form

Hln) = €eln) +tln + 1) +t'|n — 1) (A.9)

but keeping in mind that |n) is a spinor and e,t are matrices. To di-
agonalize the previous Hamiltonian we define the normal modes (or Bloch
states)

k) = e"|n) (A.10)

We have dropped the normalization factor for simplicity. Taking into
account that

D e — 1) =€) " e"n) = k) (A.11)
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given that we suppose an infinite system, it is easy to check that the
action of the Hamiltonian on the previous states is diagonal

Hlk) =Y e "Hln) = > _ e"leln)+tin+ 1)+t n—1)] = [e+e Pt+e"t1)|k)

(A.12)
so for each |k) the Hamiltonian is diagonal and takes the form

Hk) = [e 4+ et + 1] |k) (A.13)

The phase ¢ is identified as ¢ = —k - @ where k is the a vector in the
Brillouin zone and @ is the lattice vector. For simplicity we take ¢ = —k
The band structure is defined by the eigenvalues of the following matrix
for each k
Hy = e+ et + eyl (A.14)

The generalization to higher dimensional models with hopping in com-
bined directions is straighfoward. Reproducing the previous procedure for
several hoppings and identifying the different phases with different points in
the n-dimensional Brillouin zone the Hamiltonian takes the form

Hp=¢e+ Z e“;'a"tn + e*i’;ﬁ"t;rl (A.15)

n

A.2 LAPW-+lo method: The WIEN2k package

In order to solve theoretically the many body quantum mechanical problem
of electrons in a certain crystal structure one has to solve the full Schrodinger
equation. Due to the many body interactions its exact solution is unaproach-
able even computationally. To solve this point, the Hohenberg-Kohn theo-
rem guarantees that the ground state of a system can be determined only by
the electronic density, instead the general case of excited states where the
full many body wavefunction is needed to characterize the system. However,
such functional is unknown so the classic approach is to suppose a nonin-
teracting system whose density is the same as the one of the real system
but with a new Hamiltonian. This guess has another problem which is that
the functional is still unknown, so to perform calculations one has to sup-
pose a certain form of the functional. The terms of the energy supposed in
the functional are the usual kinetic and Coulombic potential terms plus an
additional exchange-correlation term whose form is unknown so certain ap-
proximations are employed as LDA, LDA+U or GGA. Once the functional
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is chosen, the equations of motion are calculated in the usual way, obtaining
the so called Kohn-Shan equations.

To solve the previous mean field nonlinear system a certain basis has
to be chosen. The computational cost of the calculation depends both on
the number of electrons considered and on the size of the basis chosen. The
precision of the calculation depends on how well the restriction of the basis
chosen reproduces the exact wavefunctions. The computational cost can be
drastically reduced maintaining a good convergence by taking the adequate
basis. The basis chosen in the present case will consist in augmented plane
waves, i.e. plane waves in an interstitial region between atoms and radial
times spherical harmonics near the atoms with the usual continuity bound-
ary conditions, as implemented in the package WIEN2k.%3 To fufill this
continuity, one has to restrict to a basis of maximun size in plane waves and
spherical harmonics in sucha way the matching can be done in all the muffin
thin sphere. Since the number of oscillations of the MT part is determined
by the maximun order of l;,,x and the plane wave is Ryt Kmax, SO the correct
scaling of the basis set will be of the form Ryt Kmax = lmax-

The problem of the previous method is that the basis depends on the
energy and so the diagonalization will give an eigenfunction when the exact
correct energy is taken at the beginning, so the selfconsistent solution has
to be performed for each eigenvalue. Tha way to solve this problem is
by upgraded the basis on the fly by a Taylor series and this is the so called
linearized augmented plane wave (LAPW) method. The energies that should
be chosen are the closest to the expected energies, i.e. close to p-bands for
example, in order to have an accurate Taylor expansion to first order.

In order to describe semicore states (states which leak out the muffin tin
sphere but have an n lower than the one should expect will have to consider)
an addition of new vectors to the basis is useful. The new wavefunctions
are called local orbitals and are defined radial times spherical harmonics but
with vanishing boundary conditions in the MT sphere.

The spin-orbit coupling is taken into account in a second variational
manner using the scalar relativistic approximation.
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