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Today’s plan

● Welcome and introductions to the summer school

● Introduction to 2D materials

● An introduction to the theory tools: electronic 
structure, second quantization and mean-field theory

● The tunability of 2D materials

● An introduction to the computational tools



  

A few practicalities

● Please feel free to interrupt at any point, the more 
questions the better

● Any questions are greatly welcome

● The lectures are recorded, if you want to remove any 
questions from the recording let us know



  

The aim of the summer school

● The main objective is to learn to design 2D 
materials by experimenting in a “computational lab”

● The lecture slides support the objectives of the 
exercises sessions



  

About the lecture slides

● The slides will be publicly available for your 
reference

● For the hands-on sessions, the slides can be helpful, 
but they are not necessary to do the exercises



  

About the lecture notes

● Each session has associated lecture notes, that are made 
available each day

● The lecture notes are not necessary at all for following the 
lecture or exercises

● The lecture notes are given as further detailed material, yet 
you are not required to read them for the summer school

● The lecture notes will be made publicly available



  

About the hands-on exercise sessions

● The exercise sessions are based on hands-on computational 
exercises with a Python-based library (pyqula)

● You will do the exercises in pairs, and several exercises require 
you to discuss with each other

● The exercises are organized in Jupyter-notebooks

● You are given examples, and asked to explain what you observe 
and perform further calculations to answer specific questions

● The exercises demonstrate the concepts discussed during the 
lectures



  

Schedule for the lecture

● 40 min lecture

● 15 min break

● 40 min lecture

● 15 min break

● 40 min lecture



  

Some minimal examples

The world of 2D materials



  

Complexity, universality and emergence

Complex systems allow to have new phenomena that did not exist before

Van der Waals heterotructures



  

Building quantum matter
with artificial materials

Atomic lattices Twisted 2D moire materials

a = 30 nm a = 0.5 nm 

Cold atoms

a = 1000 nm 

Nature 545, 462–466 (2017)
Nature 455, 204–207 (2008)
Phys. Rev. Lett. 111, 185307 (2013)

Phys. Rev. Lett. 99, 256802 (2007)
Nature Physics 6, 109–113 (2010)
PNAS 108 (30) 12233-12237 (2011)
Nature 556, 80–84 (2018)

Nature Physics 12 (7), 656 (2016)
Nature Physics 13 (7) 668  (2017)
Science 335 (6065), 196-199 (2012)



  

A new universe in each
van der Waals heterostructure

Each van der Waals heterostructure allows creating a whole new universe for electrons



  

The two-dimensional materials world

Semimetal

Semiconductor

Insulator

WSe
2

Graphene BN

Ferromagnet
Quantum spin
Hall insulator

CrI
3 WTe

2

Multiferroic

NiI
2

Ferroelectric

SnTe

Superconductor

NbSe
2



  

The flexibility of two-dimensional materials

They can be stacked They can be rotated 

These are unique features of two-dimensional materials

Nature 499.7459 419. (2013) Science 361.6403 690-693.  (2018)



  

A bilayer van der Waals heterostructure

Upper graphene layer Lower graphene layer



  

A bilayer van der Waals heterostructure



  

A bilayer van der Waals heterostructure



  

A bilayer van der Waals heterostructure



  

One material, a zoo of electronic phases

Nature 556, 43–50 (2018)

Superconductivity
Twisted bilayer graphene

Topological networks

Correlated insulators Quasicrystalline physics

Science 361, 782-786 (2018)

A bilayer of a van der Waals material realizes a variety of widely different electronic states

Nature 556, 80–84 
(2018)

Nano Lett. 18, 11,
6725-6730 (2018)

Chern insulators

Science 365, 605-608 
(2019)

Fractional Chern
insulators

Nature 600, 439–443 
(2021)



  

Controlling electronic states
in van der Waals materials

Of course, we can use the typical knobs of bulk compounds

(pressure, chemical doping, etc) 

Most importantly, we can exploit the full tunability of van der Waals materials

Gating Twist engineering Materials engineering

Allowing to independently control different features of the electronic structure

Nat, Rev, Mat, 6, 201–206 (2021) Nature 499, 419–425 (2013)Science 306, 5696, 666-669 (2004)

Atomic engineering

Science, 352(6284), 437-441 (2016)



  

From atoms to quantum matter

How do we understand and predict properties
as we put more and more atoms together?

Atoms 2D materials Van der Waals heterostructures



  

Some minimal examples

A reminder about theory tools:
second quantization,
electronic structure

and mean-field theory



  

How do we describe
quantum matter?

Hamiltonian Wavefunction of the system

We use quantum mechanics to understand electrons in materials

Two main kinds of phenomena can emerge

Single particle phenomena Many-body phenomena



  

Two different kinds of
quantum mechanical formalism

Systems where our number of particles is constant 

First quantization, description based on a Hilbert space

Describes metals, semiconductors, insulators

Systems where the number of particles fluctuates 

Second quantization, description based on a Fock space

Describes superconductors, superfluids, correlated matter

Highly successful and easy formalism

Leads to much exotic phenomena, yet also more challenging



  

A reminder of a simple single particle state

Particle in a box



  

A reminder of a simple single particle state

Particle in a box

These two states describe having one particle, in one of the possible energy level



  

From single particle to many body

But what if our state is a combination of states with different numbers of particles?

A state having both 0 particles and 2 particles

How do we describe states like these?



  

Non-constant number of particles

Why is this even relevant to understand materials?

The effective description of superconductors
does not conserve electron number

Magnetic ordering of materials depends
on processes in which the number of
electrons fluctuates

Goodenough-Kanamori rules Bogoliubov-de Gennes formalism



  

The idea of second quantization

Define operators that can create or destroy particles

Annihilation operator, destroys a particle in site i

Creation operator, creates a particle in site i

The empty vacuum state           is defined as 

The Hamiltonian is written in terms of creation and annihilation operators



  

The idea of second quantization

Lets see some examples using the two-levels presented before

The “vacuum” state

One particle in level #0

One particle in level #1

Two particles in level #0 & #1



  

Fermionic quantum statistics in
second quantization

Fermi-Dirac statistics for electrons
→ Wavefunctions are antisymmetric with respect to interchanging labels
→ There can only be 0 or 1 fermion per level

Anti-symmetric wavefunction

At most one fermion per site



  

Different kinds of Hamiltonians

Single particle Hamiltonians

Insulators, semiconductors, metals

Many-body Hamiltonian

Fractional quantum Hall states, superconductors, quantum magnets

With second quantization, both cases can be treated on the same footing



  

What about interactions?

What happens when we put interactions?



  

The role of electronic interactions

Electronic interactions are responsible for symmetry breaking 

Broken 
time-reversal symmetry

Broken
gauge symmetry

Broken
crystal symmetry

Classical magnets Charge density wave Superconductors



  

A simple interacting Hamiltonian

Free Hamiltonian Interactions 
(Hubbard term)

From now on lets consider we have a spin degree of freedom

What is the ground state of this Hamiltonian?

MagnetismSuperconductivity



  

The mean-field approximation, 
superconductivity

Four fermions
(not exactly solvable)

Two fermions
(exactly solvable)

For is the superconducting order

i.e. attractive interactions

Mean field: Approximate four fermions by two fermions times expectation values



  

The mean-field approximation, magnetism

Four fermions
(not exactly solvable)

Two fermions
(exactly solvable)

For 

Mean field: Approximate four fermions by two fermions times expectation values

Magnetic order

i.e. repulsive interactions



  

Electronic band-structures

index of the orbital in the unit cell Index of the unit cell



  

Electronic band-structures

Cell #1 Cell #2 Cell #3 Cell #4 Cell #5

Intra-cell
hoppings

Inter-cell
hoppings



  

Electronic band-structures

Unitary transformation

are the eigenvalues of the matrix 



  

Properties of the electronic dispersion

From now on, lets work with a specific electronic dispersion

Density of states

Group velocity Effective mass Fermi surface



  

Three important electronic dispersions

Parabolic bands Dirac dispersion Flat bands

grapheneTMDCs Quantum Hall, moire

Topology & relativistic physics Topology & correlationsEffective free-electrons



  

Break

10-15 min break

(optional) to discuss during the break

What is the physical meaning of these terms in the Hamiltonian?

and which symmetries do they break?



  

Some minimal examples

Graphene and its
electronic structure



  

Electronic structure of monolayer graphene

Dirac cones

The electronic structure of graphene is captured by a single orbital model in the honeycomb lattice



  

Fermi surface of graphene



  

Confining two-dimensional materials, 
graphene nanoribbons

Let us see what happens to the electronic structure when we reduce the dimensionality



  

Graphene nanoribbons



  

Electronic structure of
graphene armchair nanoribbons

The width of a graphene nanoribbon drastically controls its electronic properties



  

Some minimal examples

Quantum dots of
2D materials



  

Graphene quantum dots



  

Electronic structure of
graphene armchair nanoislands



  

Electronic structure of
graphene armchair nanoislands



  

Electronic structure of
graphene armchair nanoislands



  

Graphene islands of different widths

As the island becomes bigger, the spectrum of graphene is recovered



  

Confined modes in graphene islands



  

Confined modes in graphene islands



  

Confined modes in graphene islands



  

Confined modes in graphene islands



  

Some minimal examples

Defects in 2D materials



  

Impurities in monolayer graphene

Hydrogen adsorption in graphene



  

Individual hydrogen atoms in graphene



  

Single impurity in monolayer graphene

Experimental local density of statesLocal density of states

Hydrogen atoms create zero modes in graphene

Science, 352(6284), 437-441 (2016)



  

Individual hydrogen atoms in graphene

A vacancy in graphene gives rise to resonant zero modes



  

Some minimal examples

Electronic instabilities
in 2D materials



  

Electronic interactions

Large electronic interactions lead to gap opening in the electronic structure

But by solely looking at the electronic spectrum it is hard to know the nature of the gap opening



  

Flat bands in graphene nanoribbons



  

Flat bands in graphene nanoribbons



  

Electronic structure of
zigzag graphene nanoribbons

Flat bands appear in graphene zigzag nanoribbon of any width



  

Electronic structure of
zigzag graphene nanoribbons

A divergent density of states appears in zigzag nanoribbon of any width



  

Electronic structure of
graphene zigzag ribbons



  

Electronic interactions
in graphene nanoribbons

Depending on the selfconsistent solution, the electronic structure can radically change



  

Interaction-driven ferromagnetism



  

Interaction-driven ferromagnetism

As we ramp up interactions, a correlated state appears



  

Some minimal examples

Proximity effects in
TMDC-based van der Waals

heterostructures



  

The electronic structure
of semiconducting TMDC

MoS
2
, WSe

2
,

Non-centrosymmetric
spin-orbit coupling

Semiconducting TMDC show a strong spin-valley coupling



  

An exchange coupling leads to a valley-dependent splitting

Proximity effects between a TMDC and
an out-of-plane 2D ferromagnet



  

Proximity effects between a TMDC and
an out-of-plane 2D ferromagnet

A valley-dependent splitting appears due to valley-momentum locking of TMDC



  

An exchange coupling leads to a valley-dependent splitting

CrCl
3

Proximity effects between a TMDC and
an in-plane 2D ferromagnet



  

Proximity effects between a TMDC and
an in-plane 2D ferromagnet

No valley-dependent splitting appears for an in-plane ferromagnet



  

Break

10-15 min break

(optional) to discuss during the break

Which symmetries breaks the electronic order of these 2D materials?

CrI
3 NiI

2

NbSe
2 WSe

2



  

Some minimal examples

Warming up for the
exercise sessions



  

Pyqula for the exercise sessions

● High level user friendly library for Python to solve 
tight-binding models

● Focus on:

– Easy to use

– Performing complex calculations with minimal effort

– Full compatibility of different calculation modes



  

About the library

pyqula (for all the sessions)

- Python library
- Ideal for complex models/calculations
- For writing in Python

- User-friendly interface for tight binding models
- Ideal for simple models and quick checks
- Fully interface-based, no scripting

Quantum-lattice (built on top of pyqula)

https://github.com/joselado/pyqula https://github.com/joselado/quantum-lattice



  

Quantum Honeycomp



  

A minimal example:
Band structure of a Kagome lattice



  

Hamiltonians

Real-space tight binding Hamiltonians

With electronic interactions



  

Workflow of the library 

Create the geometry of the model

Dimensionality, supercell, vacancies, etc...

Include the different terms in the Hamiltonian

Kinetic energy, spin-orbit coupling, magnetism, superconductivity, interactions, etc..

Compute the different observables of the system

Band structure, spectral functions, local DOS, topological invariants, expectation values, etc...



  

Installation

*You can also download the whole source from 

https://github.com/joselado/pyqula

pip install --upgrade pyqula

With pip (from the command line)



  

Capabilities



  

Capabilities



  

Capabilities



  

Capabilities



  

Capabilities



  

Capabilities



  

Three technical notes

● Object oriented library

– Geometries, Hamiltonians, Operators, etc are objects with internal 
structure, methods and built-in algebra

● Performance

– Computationally intensive parts written in high-performance just-in-time 
compiled Numba

● Parallelization

– Multicore shared memory parallelization



  

Some minimal examples

A few minimal examples
with pyqula



  

First neighbor Hamiltonian in a triangular 
lattice



  

First and second neighbor Hamiltonian in a 
triangular lattice



  

Triangular lattice with
an exchange field



  

Triangular lattice with
Rashba spin-orbit coupling



  

Triangular lattice with
superconductivity



  

For the exercise session this afternoon

Download the Jupyter-notebook from

https://github.com/joselado/jyvaskyla_summer_school_2022/blob/main/sessions/session1.ipynb

The tasks during the exercise sessions

You will see examples with the code You have to modify them, and answer questions
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